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1 Introduction 



In order to construct quantum theory of gravity capable of describing 
spacetime dynamics beyond the Planck scale, we require the following three 
basic requirements on the theory: 

• background-metric independence, 

• finitcness, 

• four spacetime dimensions. 

At first, the background-metric independence will be necessary as the fun- 
damental symmetry to break the wall of the Planck scale. The meaning of 
finiteness is twofold: there is no spacetime singularity and the theory is reno- 
malizable. The background-metric independence simply means that there is 
no fixed scale and no special point in space and thus it is closely linked with 
the finiteness. The requirement of four spacetime dimensions is also linked 
with the renomalizability. 

In order to be background-metric independent, the theory should be quan- 
tized nonperturbatively. In two dimensions, it has been realized as what is 
called the Liouville gravity [1, 2, 3, 4, 5, 6]. The four dimensional model we 
are going to discuss is the renormalizable quantum gravity [7, 8] developed 
on the basis of conformal gravity by applying the nonperturbative approach 
inspired from the two dimensional model. 

Nonperturbative effects are incorporated by treating the conformal factor 
e^'^ in the metric field exactly without introducing its own coupling constant, 
while the traceless tensor field is handled by the perturbation theory as 
[7, 8] 

9^.u - e^Hae"')^,^ = e'<^ {g^, + th^. + • • •) (1.1) 

with tr{h) = g^^h^y = 0, where g/^^, is the background metric and t is the only 
one dimensionless coupling constant which indicates the asymptotic freedom. 

We here consider the model at the ultraviolet (UV) fixed point of t = 0, 
where exact conformal invariance arises as a realization of background-metric 
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independence, whose dynamics is described by the combined system of the 
Riegert-Wess-Zumino action [9, 10, 11, 12, 13, 14, 15, 16, 17, 18] and the 
Weyl action divided by t"^. 

In this paper, we continue the study of physical fields and states developed 
in [14, 15, 16, 17] in the context of the Becchi-Rouet-Stora-iyupin (BRST) 
quantization [19, 20, 21, 22, 6]. The BRST symmetry we discuss here is the 
residual diffeomorphism symmetry left after the gauge fixing such that gauge 
degrees of freedom reduce to the 15 conformal Killing vectors satisfying 
'^nCu + ^uCn-gf.u^xC^/^ = [14, 16]. The BRST transformation is obtained 
by replacing with the corresponding gauge ghost as 

1 1 

This transformation can be regarded as a conformal transformation con- 
sidering quantum gravity as a quantum field theory on the background space- 
time. Due to the presence of the shift term in the first equation, the invariance 
under the conformal change of the background metric occurs as the gauge 
symmetry. 

Unlike usual conformal field theories, this conformal invariance is imposed 
on the field as well as the vacuum because it is the gauge symmetry. Although 
the residual gauge degrees of freedom are finite, this symmetry is much strong 
because the right-hand side is field dependent so that the transformation 
mixes all modes in the field. Indeed, fields with tensor indices are excluded 
from physical fields. 

This paper is presented as follows. In the next sections, we briefiy summa- 
rize the model and the definitions of the basic objects we use. The nilpotent 
BRST operator imposing diffeomorphism invariance is constructed in Section 
3. Physical fields and states are studied in the context of BRST formalism 
with some examples in Sections 4 and 5. The physical significant proper- 
ties such as the state-operator correspondence and the norm structure are 
clarified in Section 6. Section 7 is devoted to conclusion and discussion. 
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2 Brief Summary of The Model 



In order to discuss diffeomorphism symmetry at the quantum level, we 
have to specify the gravitational action. The action that governs the dy- 
namics of the traceless tensor field is given by the Weyl action defined by 
— / d^x^y—gC'^^^^, where C^yx„ is the Weyl tensor. The action for the 
(j) field, called the Riegert field, in the conformal factor is induced from the 
path integral measure. At the UV limit of t = 0, it is given by the Riegert- 
Wess-Zumino action [9] 

Skw-l = j d^xf^g {2</.A40 + (g^ - ^ V'i?) , (2.1) 

where ^—glS.^ is the conformally invariant fourth-order differential operator 
and G4 is the Euler density. The quantities with the hat are defined in terms 
of the background metric g^^. The coefficient 61 is the positive-definite con- 
stant^ and thus the action is bounded from below (in Wick-rotated Euclidean 
spacetime) . 

The Riegert-Wess-Zumino action has been quantized in [10, 11, 12, 13, 
14, 15, 16, 17, 18], which is just the four dimensional counter quantity of 
the Liouville-Polyakov action [1]. The Weyl action has been quantized per- 
turbatively by introducing the coupling constant t indicating the asymp- 
totic freedom [7, 8]. It has been shown that the algebra of diffeomorphism 
symmetry (1.2) is closed in this system without i?^ action at the quantum 
level [14, 16, 18] as indicated from the Wess-Zumino integrability condition 
[23, 24, 9]. 

In this paper, the background is practically chosen to be i? x S'^ with unit 
as a regularization to manage dimensionless fields.^ The Riegert field is 

2 It has been computed to be 61 = 769/180 + (Nx + 11A^tv/2 + 62iVA)/360, where the 
first term comes from gravitational loop corrections [11, 13] and iVx, A^w, and Na are 
numbers of scalar fields, Weyl fermions, and gauge fields, respectively [25, 26, 27]. 

^The analysis on Minkowski background has been carried out in [18] . The result is 
consistent with this case as expected from the background free nature. Also, see Appendix 
A in [18] on the proof of the background-metric independence. 
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expanded in scalar harmonics on S^, which is decomposed into three parts of 
creation mode, zero-mode, and annihilation mode as = 0> + 0o + 0< with 
00 = 00 0> = 0o where 
1 



{q + T]p) , 



] j>i ^J(2J+ 1) j>o ^^(7+ 1)(2J 



(2.2) 



The commutation relations are given by [q, p] — i and a j^Mi , 

- bjiMi,b^j2M2 = <^JiJ2<^MiM2, where ojm and 6jm are the positive-metric 
and negative-metric modes, respectively. The conventions and notations for 
indices and various tools on it! x 5"^ are summarized in Appendix A. 

The 15 conformal KiUing vectors on it! x 5"^ are denoted as(^ — rj'^, Cmn^ Cm> C 
and their concrete forms are gathered in Appendix A. The generator of 
diffeomorphism symmetry that forms conformal algebra is given by Q,^ — 
J dO,s(^T^o, where T^i, is the stress tensor derived from the combined system 
of Riegert-Wess-Zumino and Wcyl actions. 

The 15 generators for the Riegert sector are represented as follows [12, 
14, 15, 16]. The Hamiltonian is ii" = p'^/2 + bi+ J2j,m{'^J0'\mCI' jm - (2 J + 
2)^jm^Jm}, where the constant energy shift hi is the Casimir effect. The 6 
generators of the rotation group SU{2) x SU{2) on are denoted by Rmn 
with the properties R^mn = Rnm and Rmn = —^m^nR-n-m, which arc not 
depicted here. The 4 generators of special conformal transformations have 
the form 

Qm = (\/26^- ip) aijv^ 

+ E E E cj2,,,+ iM2{\/2'^(2>^ + ^)^MA-M,aj^M, 

J>0 Ml M2 

},(2.3) 

where the SU{2) x SU{2) Clebsch-Gordan C-coefficient is defined by (A.l). 
The Hermitian conjugates Qm are also the generators of special conformal 



M 
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transformations. These 15 generators form the conformal algebra of SO{A, 2) 
as follows:^ 



[H, Qm 
\Qm- Qn 
[Rmn, Rlk 



2SmnH + 2Rmn, 

—Qm, [H, Rmn] = 0, 

0, [Qm, Rnl] = SmlQn — ^n^l^m-nQ-l, 

^mkRln — ^m^n^-nkRl-m 

—SnlRmk + ^m^nS-mlR-nk- 



(2.4) 



The significant property of the generator Qm (2.3) is that this generator 
mixes the positive-metric and negative-metric modes due to the presence of 
the last cross term. Consequently, both of these modes can not be gauge 
invariant alone and therefore they themselves have no physical meanings. 

The same situation holds in the case of the traceless tensor field as well. 
The generator has been constructed from the Weyl action in [14] and its 
physical properties have been investigated in [15, 16], which are briefly sum- 
marized in Appendix B. 



3 BRST Operator 

The gauge ghost satisfying the conformal KiUing equation V^Ci, + 
^uCfj. ~ Qixv^ /"^ = is expanded by 15 Grassmannian modes c, Cmn, Cm, 
as 

^ctj'^ + Y: (cLa + CmCm) + E CMivC^v- (3.1) 

M M,N 

We also introduce the antighost modes b, b^Af, ^m, bjy. Here, c and b 
are real operators and cmn and b^Af satisfy the relations cj^^^ = cnm, 

^Parameterizing the 4-vector index {(1/2, 1/2), (1/2,-1/2), (-1/2, 1/2), (-1/2, -1/2)} 
by {1,2,3,4}, and setting A+ = R31, A- = A3 = (i?ii + i?22)/2, B+ = R21, 

B- = i?2i and B3 = (i?ii — i?22)/2, the last rotation algebra is written in the familiar 
form of the SU{2) x SU{2) algebra as [^+, A-] = 2A3, [A3,A±] = ±A±, [B+,BJ\ = 2B3, 
[B3,B±] = ±B±, where ^±,3 and B±^3 commute. The generators A±^3{B±^3) act on the 
left(right) index of M = {m,m'). 
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Cmat — —^m^nC-n-m, ^^mn — ^NM ^nd huN — —^m^n^-n-m- The an- 
ticommutation relations among these modes are defined by 

{b,c} = 1, 

{bjv^,CAr} = {hM,c\^} ^ Smn- (3.2) 

In the later computation, it is useful to know that the gauge ghost modes 
satisfy J2m ^mm — and m ^mC-mCm ~ and the antighost modes also 
satisfy the similar equations. 

Using these gauge ghost and antighost modes, we can construct the 15 
generators of conformal symmetry, which are given by [28, 15] 



M 

^MN = —Cm^^n + cjybM + ^M^N (c_Arb^J^^ — C^^b 



M 

— XI i'^LM^LN — CnL^Ml) , 
L 

Qf^ = -2CMb - cbM - Yl (2CLMbL + CibML) , 



Ql^^ = 2ci,b + cbi, + ^ (2cMLbi + clbiM) . (3.3) 

L 

These generators satisfy the same conformal algebra as (2.4). In the follow- 
ing, we write the full generators of conformal algebra including the gauge 
ghost part as 

TL — H + H^^, T^MN — Rmn + Rmn^ 
Qm — Qm + Qm, Q^m — Q^m + Qfi'- (3-4) 

The BRST operator generating diffeomorphism (1.2) is now given by 

Qbrst = cH + ^ (c^mQm + cmQm) + cmnRmn 

M M,N 

+1^^^"" + 1 E (4< + CMQt;') + ^ E ^mnR^n (3.5) 



^ M ^ M,N 
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satisfying the Hermitian condition Qbrst — Qbrst- It can be written in the 
following form: 

Qbrst = c?^ + ^ cmnTImn - bM - ^ bMiv^Miv + Q, (3.6) 

M,N M,N 

where the full generators "H and TZmn defined above come out. The other 
operators M, Ymn and Q are defined by 



M ^ 2^ cjv^CM, Ymn = c'm^n + X] ^mlCln, 

M L 

Q = E (cLQm + cmQL) . (3.7) 

M 

The nilpotency of BRST operator can be shown by using the expression (3.6) 



as 



M,N 



L 

= -MH -2Y.cIcnRmn^0, (3.8) 

M,N 



where the conformal algebra (2.4) is used. 

The anticommutation relations of BRST operator with gauge ghost modes 
are calculated as 



{Qbrst,c} — — 2Xc^cm, 

M 

{Qbrst, Cmn} — —c^M^N — ^M^nC-MC-N + ^ ^ cmlCln, 

L 

{QbRST,Cm} = CmC + 2 CjyCjVM, 

N 

{<5BRST,cjv^} = ccjy^ + 2 X CMJVcjv (3.9) 



N 

and those with antighost modes are 



{QBRSTjb} — "H, {Qbrstj bMiv} — 27?.MAr, 
{QBRST,bM} = Qm, {Qbrst, h^n} ^ Qm, (3.10) 



where the full generators appear in the right-hand side. Prom (3.10), the 
nilpotency of BRST operator represents [Qbrst,^] = [Qbi{St,T^mn] = [Qbrst, Qm] = 
[Qbrst, QU = 0. 

4 Physical Fields 

In this section, we develop the studies for physical field operators achieved 
in the previous paper [17] in the context of the BRST formahsm. 

For each generator of conformal algebra, the Riegert field transforms as 

i [H, (j)] = i [Rmn, 0] = Vj {Cmn4>) . 

^[QM, = CV^0 + ^[Qi, = CV^0 + \^,Cm- (4.1) 

Here, the third equation is given by the sum of the equations 

i [Qm, 0>] = CmV^0> + CM9r,<Po + ^ V/,Cm, 

i[QM,(po + (l><] = CmV^0< (4.2) 

and the fourth equation is the Hermitian conjugate of the third one. 

Using the BRST operator, wc find that the transformation laws (4.1) can 
be summarized into the single equation, 

i [Qbrst, </>] = C^V^t/. + ^ V^c^ (4.3) 

The right-hand side is the BRST transformation (5b0 in (1.2). And also, the 
BRST transformation of gauge ghost is given by the anticommuation relation 
as 

i {Qbrst, c^} = -2i ^m^mV'' - i H (cmCjv + ^m^nC-mC^n) Cmn 

M M,N 

+2i cmlClnCmn + i Y (ccmCm + cmcCm) 

M,N,L M 

+2i Y, CmwcIvCm + 2? X/ ^nCnmCm 

M,N M,N 

= c^V.c'^. (4.4) 
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Here, to show the second equahty, we use the Grassmannian nature of gauge 
ghosts and the product expansions of scalar harmonics (A. 3). 

In the following, the BRST invariant fields composed of Riegert field 
and gauge ghost only are studied with two examples corresponding to the 
cosmological constant term and the Ricci scalar curvature. 

Cosmological constant term We first study the field operator given by 
the purely exponential function of Riegert field. The normal ordering of such 
a composite operator is defined by 

oo n 

=:e"*:= -r e"*> 6""^° e"^< . (4.5) 

n=0 

The zero-mode part can be written as e"^» = e'?"/^e''P"/^e-"'"'/4^i. The 
constant a, called the Riegert charge, represents a quantum correction de- 
termined by the BRST invariance condition below, which is real to reflect 
that Va is a gravitational quantity. 

Using the commutation relations given in (4.1), we find that this field 
satisfies i[H^Vc\ = dnVa and i[RMN,Va] = ^jiCiiN^a)- For the special 
conformal transformation, we find 

i [Qm, K] = aV^K + ^V.C^Vo., (4.6) 
where ha is the conformal weight of the field computed to be 

ha-a-^^. (4.7) 

Since is real, the commutator between Qj^,^ and Va is given by the right- 
hand side of (4.6) with instead of (^^j. These equations are summarized 
into the single equation using the BRST operator as 

i [Qbrst, K] = C^V^K + y'^mc'^K. (4.8) 



9 



Thus, the spacetime volume integral of Va with definite conformal weight 
ha — 4: commutes with the BRST operator, namely commutes with all gen- 
erators of conformal algebra, as 

i [Qbrst, / dn^vj^ = J dfl.V^ (c'^Va) = 0, (4.9) 

where dQ^ = dridQ^ is the spacetime volume element. 

Furthermore, we can make the field BRST invariant locally by introducing 
the function of gauge ghost contracted by the totally antisymmetric e-tensor, 

^ = ^l^uXaC^C'c^c''. (4.10) 

This function transforms as 

I [Qbrst, co] = c'^V^uj = -uW^c^ (4.11) 

where the transformation law of (4.4) and c^u = are used. Using this 
commutator we can show that the product uVa becomes BRST invariant 
without integrating over the spacetime volume as 

i [Qbrst, ujVa] ^\{ha- 4) ut^c^'Va = (4.12) 

provided ha — 4:. 

There are two solutions for the equation ha — 4. We select the solution 
that approaches the canonical value 4 in the classical limit of 6i — > oo cor- 
responding to the large number limit of matter fields coupled to gravity (see 
footnote 2). The quantum cosmological constant term is thus identified to 
be Va with the Riegert charge 




a = 26i 1-W1-- . (4.13) 



The constant a is real due to 6i > 4 as mentioned before. In the following, 
we take a to be this value. 

The another solution oi ha — 4 is given by 46i — a due to the duality 
relation ha = ^46i-a- The operator V^b^^a does not reduce to the canonical 
form of the cosmological constant term at the classical limit, but two oper- 
ators Va and V45j_Q, are regarded as adjoints of one another in the presence 
of the background charge as discussed in Section 6. 
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Ricci scalar curvature Next, we study the field operator with derivatives. 
Because of the rotation invariance, the number of derivatives must be even. 
We here consider the real scalar field Wp with two derivatives that satisfies the 
following transformation laws: i[H, Wp] — dj^W^, i[RMN, — j{C,MN^p) 
and 

i [Qm, Wp] = Cu^.Wp + h±l^^(^^^Wp. (4.14) 

The equation for is given by Hermitian conjugate of (4.14). ^ represents 
the Riegert charge and hp-\-2 is the conformal weight of the field, where 
is defined by (4.7) and 2 represents the number of derivatives. 

The conditions for the Hamiltonian and the rotation generator are rather 
simple, but the condition (4.14) is so strong as to determine the form of the 
field uniquely. We find that the following operator satisfies these conditions:^ 



n + Y^l-jy^ (4.15) 



with 



Wj = ~dr^(i)odrf(j)QVp - ]^dr^(j)QVpdr^(j)Q - ^V^^^^^o^r^^O 

+V^0>W0>T/^ + 2V>>T/^V^0< + y^V^0<W0<, (4.16) 

where = V^V'^ and Vp has been defined by (4.5). 

Thus, the spacetime volume integral of with hp = 2 commutes with 
all generators of conformal algebra. It is simply expressed in terms of the 
BRST operator as 

0. (4.17) 



Qbrst: j diliWp 



^This operator is slightly different from the Ricci scalar operator given in [17]. Accord- 
ing to this change, we correct the discussion held there. 
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The quantum Ricci scalar curvature is now identified to be with the 
Riegert charge 

/3 = 2h (l - , (4.18) 

which is one of the solutions of /i^ = 2. The operator Wj3 then reduces to the 
classical form of the Ricci scalar curvature y/—gR divided by —6 because of 
/3 ^ 2 and ^ 1 in the large hi limit. ^ In the following, /3 is fixed to be 
this value. 

Due to the duality relation hp = hih^^p, another BRST invariant operator 
has the form Wi^iy-^^p. This operator is the adjoint of the Ricci scalar operator 
but does not have the classical limit. 
As in the case of V^, using the gauge ghost function (4.10), we find 

[gBRST,u;iy;3] = 0. (4.19) 

Here, note that this BRST invariance condition is stronger than the condition 
(4.17) because the condition (4.17) holds up to total divergences as discussed 
in [17]. 

In general, as is clear from the construction, the physical field is given 
by a scalar field with conformal weight 4, while the field that tensor indices 
retain is excluded from physical fields because such a field does not become 
gauge invariant under rotations and special conformal transformations due 
to the presence of spin terms. 

5 Physical States 

Let us study the BRST invariant state l^') satisfying the condition 

QbrstI*) = 0. (5.1) 

^The classical form of the Ricci scalar curvature is given by d'^x^J—gR = 
rfO4e^'^(-6V^0 - eV^^V^iji + 6) on the Rx background with unit S^. 
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First, we define various vacuum states. The vacuum of Fock space anni- 
hilated by the zero-mode p and annihilation modes ajM and hjM is denoted 
by |0). We also introduce the conformally invariant vacuum annihilated by 
all generators of the conformal symmetry except gauge ghost parts, H, Rmn, 
Qm and gjy^, which is defined by \9) = e-26i<^o(o)|o)^ ^here 00(0) = q/y/Wi. 
This vacuum and its Hermitian conjugate have the background charge — 26i, 
respectively, and thus the vacuums have the background charge — 46i in to- 
tal/ 

The conformally invariant vacuum of the gauge ghost sector is denoted 
by |0)gh, which is annihilated by all generators of the gauge ghost system 
(3.3), namely annihilated by all antighosts, but not annihilated by gauge 
ghosts. Using this, the Fock vacuum of gauge ghost system annihilated by 
the annihilation modes Cm and b^ is given by nMCM|0)gh- 

Since the Hamiltonian neither depend on c and cmn nor on b and bMJV, 
the gauge ghost vacuum ncM|0)gh is degenerate. The degenerate partners 
are then given by acting c and Y{cmn to this vacuum. The norm structure 
will be discussed in the next section. 

For convenience, we denote the Fock vacuum state with the Riegert charge 
7 by 

|7)=e^'^°W|l])®ncM|0)gh. (5.2) 

M 

This state satisfies 'H\^) — {h^ — 4)|7), where ip]^) — {'y/\/2b^ — y/2b^)\^) is 
used and —4 comes from the gauge ghost sector. 

The physical state is constructed by acting the creation modes such as 
^JM) ^JM) <^M) bjv^ and p to the Fock vacuum (5.2), where p may be replaced 
by the number. Since {Qbrst, h} — 'H and {Qbrst, ^mn} — '^T^mn and the 
Fock vacuum is annihilated by b and huNi we merely consider the subspace 
satisfying the conditions 

?^|^) =7^Miv|^) =0, b|^) =bMiv|^) = 0. (5.3) 

''The background charge originates from the Hnear term in the Riegert- Wess-Zumino 
action (2.1). 
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On this subspace, from the expression of the BRST operator (3.6), the BRST 
invariant state coincides with the Q invariant state. 

For a while, we analyze physical states in the subspace (5.3) described in 
the following form: 

\'^)=A{p,a\j^,b\^,---)b), (5.4) 

where the dots denote creation modes of other fields except gauge ghosts. 
The operator A and the Riegert charge 7 will be determined from the BRST 
invariance condition below. The cases that A includes creation modes of 
gauge ghosts and antighosts will be discussed later. 

Since Cm\^) — for the state (5.4), the Q-invariance condition is ex- 
pressed as 

Q|*) = E4Qm|*) = 0. (5.5) 

M 

Thus, together with the Hamiltonian and rotation invariance conditions in 
(5.3), we reproduce the physical state conditions 

(H - 4)1*) = i^Mivl*) = QmI*) = (5.6) 

studied in [14, 15, 16]. Here, the condition for Qjy^ is not necessary. 

The BRST invariance condition for |*) is now equivalent to the condition 
that the operator A satisfies the algebra 

[H, A] = U, [Rmn: A] = 0, [Qm, A] = 0. (5.7) 

The first condition represents that A has the conformal weight /(> 0). By 
solving the Hamiltonian condition h^ + l — 4 — in (5.6), the Riegert charge 
7 is determined to 

7; = 2h ^1 - ^1-^j . (5.8) 

Here, we choose the solution that 7 approaches the canonical value 4 — / in 
the large bi limit. The charges 70 and 72 correspond to a and (3 defined 
before, respectively. 
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In order to find the operator A satisfying the second and third conditions 
of (5.7), we seek creation operators that commute with the generator Qm and 
then combine them in a rotation invariant way. Since there is no creation 
mode that commutes with Qm for the Riegert field, we look for operators 
constructed in a bilinear form. Such operators have been studied in the 
previous papers [15, 16]. Using the crossing properties of the SU{2) x SU{2) 
Clebsch-Gordan coefficients, we find that for the Riegert sector there are 
two types of (^M-invariant creation operators with conformal weight 2L for 
integers L > 1: 

K=- Ml M2 
2 



L-KMi^KM2 



R-=i Ml M2 
2 



L-l 



-K-lMi,KM2^L-K-lMi'^KM2^ 

(5.9) 



K=l Mi,M2 



where 



x{L,K) 



\2K 



^{2L-2K+1){2K+1) \ \2K ] \2K -1 



2L \ 2L-2 



(5.10) 



and y{L,K) = -2^{2L -2K - 1)(2L -2K + l)x(L, K). The zero-mode 
operators are given by x(p, -L) = ^/2{^/2b[ — ip)/ ^{2L — 1)(2L -|- 1) and 
V'(p) — — '\/2(-\/26i — ip).^ For any half-integer L, there is no such a operator. 
These operators for the lower L are written down in Appendix C. 

By joining these bilinear operators using the SU{2) x SU{2) Clebsch- 
Gordan coefficients, we can construct the basis of QM-invariant creation op- 
erators in the Riegert sector. Due to the crossing properties of the Clebsch- 
Gordan coefficients, any QM-invariant creation operators will be expressed 



^Here, wc correct an error in the previous papers as follows: x{p, L) is twice of that 
given in [15, 16]. 



15 



in such a fundamental form. Thus, these two types of QM-invariant bihnear 
operators are expected to be the building blocks of physical states. Thus, the 
physical state 1^^) (5.4) is now written in the form A{S^,S^, ■ ■ •)|7), where 
the dots denote building blocks for other fields. Since building blocks have 
even conformal weights, the weight / for A is given by even integers, which 
corresponds to the number of derivatives for physical fields. 

As a example, we here present the lower / physical states up to 4 in the 
following. The lowest weight state is simply given by \a). which corresponds 
to the cosmological constant term, and the second lowest state with I — 2 is 
given by Sqq\P), which corresponds to the Ricci scalar curvature, where we 
use the notations a and /3 for 70 and 72, respectively. For / = 4, there are 
two states (Sqq^ I74) and J2n ^NSl_]\fSlj^\^4) corresponding to the square of 
Ricci scalar and the other four derivative scalar quantity such as the Euler 
density, respectively. 

At / = 4, there is another gravitational physical state. From the Weyl sec- 
tor summarized in Appendix B, we find the physical state J2m,x ^MC^_Mx)'A{Mx)\'y'^) 
corresponding to the square of Weyl tensor. Here, c^^^^-j is the lowest cre- 
ation mode of tensor field, which is the only creation mode that commutes 
with Qm- 

For other modes in the Weyl sector, we have to also consider Qju-invariant 
building blocks written in a bilinear form. The higher weight gravitational 
state is generally given by combining building blocks both for Riegert and 
Weyl sectors in a rotation invariant way. 

Finally, we discuss the cases with gauge ghost and antighost creation 
modes c^j^ and bj^^. For I — 2, we obtain the another BRST invariant state 

J - - ipf J^^MhlMc'M + hYeMa\_^a\A (5.11) 

where h — p^/2 + bi. However, we can show that this state is equivalent 
to the physical state given above up to the BRST trivial state as follows. 
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Introduce the state 



|T) = (VW,-tp)Y.eMhlMa\^m (5.12) 

M ^ 

satisfying the conditions HIT) = TZmn[^) = b|T) = bMivIT) — 0. Acting 
the BRST operator to this state, we obtain 

<3brst|T) = |-(v^-ip)'5]eMbLMcL + 4(v^-ip)6|)o 

+2hY.eMa\_^a\J^\P). (5.13) 

Thus, the state (5.11) can be written in the form 

^5tol^) + QBRST|T), (5.14) 

where h\0) — 2\^) is used. 

In general, it seems that the physical state explicitly depending on gauge 
ghosts and antighosts like this reduces to the standard form (5.4) up to the 
BRST trivial state. So, we consider only such a standard form throughout 
this paper. 



6 State-Operator Correspondences and Norm 
Structures 

In this section, we discuss various significant properties such as the state- 
operator correspondence, the adjoint of physical state and the norm structure 
with attention to the presence of the background charge. 

Consider the physical state with the Riegert charge 7 and the corre- 
sponding physical field operator satisfying the BRST invariance condi- 
tion [Qbrstj^O^] = 0. The state-operator correspondence is given by the 
following limit: 

lim e-^'^OJQ) = \0^ (6.1) 

77— >-ioo 
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apart from the gauge ghost sector. 

For the physical fields and Wp, for instance, we obtain the physical 
states as follows: 

\Va) = lim e-^'Wa\fl) = lim e^(-^+''")''e"'^>e = e"'^°(°)|0) (6.2) 
and 

\Wfs) = lim e-^'^^W^lQ) 




These limits just exist when /i^ = 4 and /i^ = 2 as required. 

Since the most singular term of the gauge ghost function (4.10) at the 
limit 77 — )■ ioo behaves as a; oc e"'^*'' Hm cm, the state-operator correspondence 
including this function is given by 

lim uOJQ) (g) |0)gh ^ lOJ (g)TTcM|0)gh. (6.4) 

The right-hand side is the physical state discussed in Section 5. 

Next, we consider the adjoint of the physical state \0^) (8) ncM|0)gh- 
The adjoint of \0j) is denoted by which is not the naive Hermitian 

conjugate (0^| because the Riegert charge is not conserved in this case such 
that (0-y|0-y) is unnormalizable.^ The state {0^\ is defined by using the other 
pair of the physical state derived from the duality relation = /i46^--y. 

Again, we consider the physical fields Va and Wj}. The adjoint of these 
fields are given by 

^The situation is the same as in the case of the Liouville gravity [4]. If the Riegert 
charge were purely imaginary such as 7 = and there were no background charges, 
physical fields could be normalizable as (0_ip|0,p) = 1 as in the case of string theory 
[21, 22]. 
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(6.5) 

and the out-states corresponding to these fields are 

r;— joo 

(Wgl = hm e^''>in\WB ^ ~ ^ (0|e('''^-^^^°(°^,Soo- (6.6) 
They are normahzed to be 

(KIK) = 1, (W^^IW^^) = 1. (6.7) 

Here, (fi|e'^''^'^"*^°^ 1^2) = 1 is used, which resuhs from the Riegert charge con- 
servation such that the charge 46i cancels the background charges in the 
conformally invariant in- and out-vacuums. 

The naive inner products between gauge ghost vacuums and their Her- 
mitian conjugates vanish as gh(0|0)gh = gh(0| D cji,/ 11 ca/ |0)gh = 0, which are 
easily confirmed by inserting the anticommutation relations {b, c} = 1 and 
{hMN.CiK} = SmlSnk — ^m^nS-mrS-nl into them. So, we normalize the 
gauge ghost sector by inserting the operator = icYicuN satisfying i?^' = 
as 

gh(oincUncMio)gh=i. (6.8) 
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Thus, the adjoint of the physical state \0^) §>> ncM|0)gh is given by {O 
gh(0| Hcm^?. In this way, we can always define the inner product of physical 
state normalized to be unity. 

At last, we mention that the result (6.7) is consistent with the two point 
correlation function calculated to be [17] 



{n\v^(x)Vo.{o)\n) = i^j^^^j . (6.9) 
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Also, the correlation function between and will be the same form. 
Here, the function L is defined through the operator product 0(x)0(O) = 



where —2cos{lj/2) is the spatial distance and the angle u is defined in Ap- 
pendix A. 

7 Conclusion and Discussion 

We have studied the background free quantum gravity realized at the UV 
limit of renormalizable quantum gravity in the context of BRST formalism. 
The nilpotent BRST operator generating diffeomorphism was constructed 
on the R X background. Using it, we constructed the BRST invariant 
fields and states and studied various significant properties such as the state- 
operator correspondence and the norm structure. 

The BRST invariant fields always appear in pairs due to the existence of 
the duality in Riegert charges. The physical field was identified with the one 
that reduces to the classical gravitational scalar quantity in the large bi limit 
corresponding to the large number limit of matter fields coupled to gravity. 

The naive inner product between the physical state and its Hermitian 
conjugate is unnormalizable because the Riegert charge is not conserved. 
The adjoint of physical state is given by another one of the BRST invariant 
pair, which does not have the classical limit so that it is regarded to be a 
quantum virtual state. With this state, the Riegert charge can be conserved 
and we can define the inner product normalized to be unity. 

Now, we discuss how to define correlation functions among physical fields 
with correct Riegert charge. Naively, they do not exist because the Riegert 
charge is not conserved as mentioned above. To define them, we should 
consider the model perturbed by the cosmological constant term, for instance, 
and then the constant mode of the Riegert field a should be taken into 



(l/46i) xlogL^ 



{r],uj)+ :0(x)0(O) : as 




(6.10) 
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account. Carrying out the path integral over the constant mode A — e°"^ 
first (in Wick- rotated Euchdean spacetime), we obtain the correlator in the 
perturbed theory 5'rwz + A* 14 as follows: 



with s — (46i — J27=i Ik)/'^-^^ Here, ji is the cosmological constant. The bar 
on the field denotes that the field is integrated over the spacetime volume and 
(• • •) represents the correlator in the unperturbed theory. This correlator will 
exist because the Riegert charge is conserved. It indicates that the correlation 
function has a power-law behavior in the mass scale. 

Finally, we discuss physical implications the model indicates. First of 
all, this model has no spacetime singularity.^^ It is, of course, a necessary 
condition for the unitarity problem in strong gravity. This is a peculiar 
property of quantum gravity with background-metric independence. In such 
circumstances, there will be no spacetime we can recognize, and physical 
quantities like the S-matrix become inadequate, since they are always defined 
on a fixed classical spacetime of observers. 

Therefore, we consider correlation functions of gravitational fluctuations 
and the unitarity now implies the positivity of the amplitude. Indeed, the 
Ricgcrt field has the logarithmic correlation and it produces the scale-invariant 
Harrison- Zcl'dovich- Peebles spectrum with positive amplitude proportional 
to 1/61 [29],^^ which will be the initial condition of the inflationary universe 

^'^Hcrc, s is not integer, but fractional number. Therefore, by regarding s as an integer 
the correlator may be evaluated and then s may be analytically continued to the fractional 
number [5]. 

Unlike the Einstein action, the Weyl action diverges for a singular spacetime configu- 
ration such as the Schwarzschild black hole and thus such a configuration is excluded from 
quantum spacetime. 

^^Precisely, the Riegert field is not physical in itself and so the statement is valid within 
the linear approximation that holds in the case of sufficiently large b\. 




(7.1) 
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driven by quantum gravity [30, 31].^^ The smallness of initial tensor fluctua- 
tions indicated by the CMB observations can be concluded from the fact that 
tensor fields are excluded from physical fields at the UV limit. It is also a 
consequence of the asymptotically free behavior of the traceless tensor field. 

Thus, renormalizable 4D quantum gravity has a lot of advantages to 
describe the evolution of the universe in the early epoch. Also, as was already 
shown, the negative-metric mode known as the cause of the unitarity problem 
can never appear alone in the real world because it is not gauge invariant in 
itself. It is one of the elements to make up the physical field and also is an 
indispensable element to form closed algebra of diffeomorphism symmetry at 
the quantum level. The conclusive statement on unitarity, however, should be 
postponed until the overall analysis of correlation functions is completed and 
their physical meanings in quantum spacetime are understood more clearly. 

A Basic Tools on R x 

The notations and conventions for various tools on Rx [14] are sum- 
marized here. The background metric is parameterized by the coordinate 
x'^ = {f],x'^) using the Euler angles = (a,/?, 7) as d^j^^g-^ = —drf + 
^{da^ + d(5'^ + (^7^ + 2 cos I3dad'~f), where a, (5 and 7 have the ranges [0, 27r], 
[0,7r] and [0,47r], respectively. The radius of is taken to be unity such 
that R = 6. The volume element on the unit is dfl^ = sin 13 dad f3d'y / 8 
and the volume is given by V3 = / dQ^ = 27r^. The angle u is defined by 
cos(w/2) = cos(/3/2) cos(a/2) cos(7/2) - cos(/3/2) sin(a/2) sin(7/2). 

The scalar harmonics on is defined by Yjm = \J (2 J + 1) /Y^D^j^, 
satisfying V^VjIjm = -2J(2J + 2)Yjm, where D^^^, is the Wi gner D- 
function [32]. It belongs to the (J, J) representation of the isometry group 
SU{2) X SU{2) and J (> 0) takes integer or half-integer values. The index 

^^The inflationary solution is obtained without introducing any artificial field by hands 
when the Einstein term is added. The inflation terminates at the dynamical scale Aqg — 
10^^ GeV where the running coupling constant diverges. 
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M — (m, m') denotes the multiplicity of the (J, J) representation and thus m 
and m' take values from — J to J, respectively. The normalization is taken to 
be Jc^Qa^jiMiX/aMz = Sj^jJmiM2, where ^MiMs = Smimi^m'^m'^- The complex 
conjugate is given by YJ^ = ^m^j-m, where €m = (-l)"""""'. 

The SU{2) X 5'C/(2) Clebsch-Gordan coefficient defined by the volume 
integral of three products of scalar harmonics over 5"^ is given by 

r^JM _ . l i'^Jl + 1)(2J2 + ^) ^Jm r'Jtn' ( K ^\ 

^JiMi,J2M2 — y 2J+1 ^Jimi,J2m2^Jim[,J2m'2^ {■^■^J 

where Cj'^^ j^^^ is the standard SU{2) Clebsch-Gordan coefficient [32]. It 
satisfies the relations such as Cj^^^j^^^ = = Cj7^m^,J2-M2 = 

^M2CfM,j2-M2^ ^oofjN = ^MN and the crossing relation 

2_^^M^J2M2,J-M^JM,J4,Ma ~ 2^ 2-^^M^J4^Ma,J-M^JM,J2M2- l^-^J 
J>0 M J>0 M 

The 15 conformal Killing vectors on R x are given in the follow- 
ing. The vector that generates the time translation is denoted by ■q'^ — 
(1,0,0,0). The 6 Killing vectors on 5"^ are given by Cm^v — {^^Cmn) with 
Cmn = «(V3/4) X {Y^/2m^^Yi/2N - Yi/2N^^Y*i^t^}. Here, we use the index 
without J in the case of the 4- vector index of J = 1/2 that appears in the 
conformal kiUing vectors and the corresponding generators. The 4 vectors 
that generate special conformal transformations are given by = {Cli-i Cm) 
with = VV^e^^y;/2M/2 and Clt = -i^/V~z^''V^Y*/^J^/2. Their complex 
conjugates are also conformal Killing vectors for special conformal transfor- 
mations. 

At last, we give the product expansion formulae for scalar harmonics, 

V V 3 I, JV' 2 N' ) 

V'YiVViljjv = -^!^-2JY,Cj^^j^i^,Yj+^N' 

H2J + 2)Y.cl^^^_, Y;_, ]. (A.3) 

AT' 2 2 J 

These are used to show the transformation laws in Section 4. 
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B Generators for Tensor Fields 



Here, we summarize the generator of conformal algebra for the traceless 
tensor field derived in [14]. 

The Weyl action is quantized in the radiation^ gauge^^ and then the 
traceless tensor field h^^^ is expanded in tensor and vector harmonics on 
with three types of mode-operators, Cj^mx), d,j(Mx) and eji^My)- The first two 
modes belong to the {J + x,J — x) representation of SU{2) x SU{2) with 
J > 1 and the third belongs to the {J + y, J — y) representation with J > 1, 
where a; = ±1 and y = ±1/2 are the polarization indices for rank 2 tensor 
and vector, respectively. The index M — (m, m') denotes the multiplicity for 
each representation. 

The commutation relations are set as [cj.^Mrxi), Cj2(Af2X2)] = -[djiiAhxi), d\^(M2 

SjiJ2^MiM.2^xiX2 and [Gji{Miyi), e'j2(^M2y2)^ ^ —^.JiJ2^MiM2^yiy2^ ^^'^ "thuS Cj(^Mx) 

has the positive metric and dji^Mx) and ej{My) have the negative metric. 
The Hamiltonian is then given by if = Y,j>i{Y,M,x[^Jc\{MxfJi.Mx) - (2J + 

The generators of special conformal transformations are given by 

J>1 Mi,xi M2,X2 

-\J C^J + ^){'^J + 3)eMiC?j(_Mia;i)^J+i{M2a;2) + ^M2c'j^(^_j^^^^-jdj^Mixi)] 

+ E E E H}(Mixi); J(M22/2) {^( ^Afi Cj(_ jy^j e j(M22/2) 
J>1 Mi,xi M2,y2 

+-B ( J) e j(_M2j/2) ^•^(A^i^^i) } 

+ E E E ^J(Mi2/i),J+i(M22/2)^('^)^^i^i(-A^i2/i)^^+5(A^22/2)' (^-1) 

J>1 Mi,yi M2,y2 

^"^Thc space of the residual symmetry in the radiation gauge V^/iy = V'/ijo = ^oo = is 
slightly bigger than the space generated by the 15 conformal Killing vector, and hence we 
further remove the lowest mode of hio satisfying (V-' Vj + 2)/ijo = 0, namely ei/2{My) = 
in the text. We call this choice as the radiation+ gauge. 



24 



where 



4J 



B{J) 



2(2J + 2) 



(2J- l)(2J + 3) 



\ (2J-l)(2J + 3) 



C(J) 



(2J- 1)(2J+ l)(2J + 2)(2J + 4) 
2J(2J + 3) 



(B.2) 



The SU (2) X 5'C/ (2) Clebsch-Gordan coefficients defined by the volume inte- 
grals of three products of tensor harmonics up to rank 2 are given by 



Here, the type E is defined by the product of scalar and two tensor harmonics, 
the type H is the product of scalar, tensor and vector harmonics with a 
derivative and the type D is the product of scalar and two vector harmonics. 
In the generator, the coefficients with the 4- vector index for scalar harmonics 
appear. The general expressions of these coefficients are given in [14] . 

In order to construct physical states, we have to prepare creation opera- 
tors that commute with Qm- From (B.l), we find that all creation modes do 
not commutes with Qm, except the lowest creation mode of tensor field with 
positive-metric c^^mx)- Thus, the rotation invariant combination of c^^mx) 
gives the lower weight states in the Weyl sector. For other modes, we look 
for the (^M-invariant creation operators constructed in a bilinear form. Such 
operators and c^k^mx) provide building blocks of physical states for the 
Weyl sector, which have been constructed and classified in [15]. 

C Building Blocks for Lower L 

Here, we write down the building blocks of physical states given in (5.9) 
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for the lower cases of L. For L — 1^ they are given by 



<7t 



00 



v2 M 



(C.l) 



The building blocks of L = 2 are given by 



2N 



» Mi,M2 



t t 



V 3 Mi,Mi 



lMi,lM2^1Mi^lM2' 



Mi,M2 



'-^lMi,lM2 



«lMi«lM2+4 E ^iMi iM2^iMi4M2(^-2) 



Mi,M2 Mi,M2 

and the building blocks of L = 3 are given by 



- 



2M2"|Mi'^iM2 



+4 E c 

Mi,M2 



3JV 



■ t 



2Mi,lM2^2Mi(^lM2 



2 ^2^^ '-^iMi,fM2«|Mi'^fM2' 



Mi,M2 



Mi,M2 



'15 



^ Mi,M2 



^2Mi,lM2"'2Mi"'lM2 V~ '^|Mi,fM2'^|Mi'^|M2 



+4 E 

Mi,M2 

+4V3 E C|l,iM2^'|M,4M2-4v^ E C?]^aM2&lM,4M2 



Mi,M2 



Mi,M2 



+4^^ E Cf^ulM2bU<^lM2- 

M\,M2 



(C.3) 
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